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Abstract 

Let Z be the Jiang-Su algebra and K. the C*-algebra of compact operators on an infinite 
dimensional separable Hilbert space. We prove that the corona algebra M(Z ®K,)/Z®K, 
has real rank zero. We actually prove a more general result. 

1 Introduction 

The Jiang-Su algebra Z is a projectionless unital simple separable infinite dimensional amenable 
C*-algebra with the same K-theory as that of the complex field C (see [16J). It had been an 
interesting problem to find projectionless unital infinite dimensional simple C*-algebras ([17], [2], 
[3], [8]). However, the Jiang-Su algebra is the nicest that one can get. In fact Z is an inductive 
limit of sub-homogeneous C*-algebras. It is one of many products of the decade of 1990's in the 
Elliott program, the program of classification of amenable C*-algebras. However, more recently, 
Z plays a much important role in the study of C*-algebras. It becomes increasingly important 
to fully understand the structure of the Jiang-Su algebra. 

In many ways, Z behaves like C, as its K-theory suggests. One of indirect, but important 
features of unital simple C*-algebra C is the simplicity (as well as complexity) of the Calkin 
algebra M(C(8>/C)/C<8>/C. Let A be a non-unital but cr-unital C*-algebra. The quotient M(A) /A is 
called the corona algebra of A. The Calkin algebra is the corona algebra of C<g)/C, the stablization 
of C. One of the important consequences of the simplicity of the Calkin algebra is that it has real 
rank zero. As we know, many important results in operator algebras (as well as operator theory) 
are related to the Calkin algebra, such as Fredholm index theory, the BDF-theory, C*-algebra 
extension theory and the A'A'-theory. The fact that the Calkin algebra has real rank zero plays 
the crucial role in all these even though the term of real rank zero were invented much late. In 
that point of view, the corona algebra M [Z K,) / Z ® K, inevitably, is also important, given the 
central role Z is playing in the study of classification of amenable C*-algebras. However, by now, 
we know that the corona algebra of Z (g) KL is not simple. In fact it has a unique proper closed 
ideal. Nevertheless, we would like to know whether the corona algebra of Z (g) K, has some other 
similar structure to that of C®/C. The problem whether the corona algebra M(Z®K) / 'Z®K has 
the real rank zero has been around for many years and were specifically raised at the American 
Institute of Mathematics in 2009, as well as other places ([19]). Moreover, there is a long history 
of similar questions (e.g., (0,p21,[IS],E221>|23!,|231,|Sl,|5Dl,^Il,|3Sl). The purpose of this 
paper is to establish that the corona algebra of Z ® JC does have real rank zero, despite the fact 
it is not simple and the fact that Z has no proper projection. 

One of the earliest applications of if -theory in operator algebras is the proof of the following 
theorem: an extension of AF-algebras is again an AF-algebra ([5] and [12]). This extends to a 
more general form: Let 0— > B — > E — > A — >• be a short exact sequence of C*-algebras, where 
the ideal and quotient have real rank zero. Then E has real rank zero if and only if K\(B) is 
trivial (see [6]; also see [52]). Denote by Q(Z) the corona algebra of Z®K,. Let J be the closed 
ideal of M(Z ® IC) such that vr( J) is the unique proper nontrivial ideal of the corona algebra, 
where it : M{Z ® K) — > Q{Z) is the quotient map. We have that Q(Z)/ir(J) is purely infinite 
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and simple (this is well-known; an explicit reference is [19]; it also follows immediately from 
|27j Theorem 3.5; see also |47] Theorem 2.2 and its proof). By a result of S. Zhang (|48j). it 
has real rank zero. It is also known that vr(J) is also purely infinite and simple (this is also 
well-known; an explicit reference is [19] : it also follows immediately from the definition of J in 
|21j 2.2, Remark 2.9 and Lemma 2.1; see also }47j Theorem 2.2 and its proof). Therefore, from 
the above mentioned result, if K\{J) is trivial, then Q(Z) has real rank zero. Much of the work 
of this study is to show just that. 

The general strategy to show that K\{J) is trivial is taken from an original idea of Elliott 
(|llj). However, unlike the case that Elliott considered, A <g> K, (in particular, in the case that 
A = Z) lacks sufficiently many projections. We need to use positive elements to start. The 
method to adapt Cuntz relation to compare positive elements in the multiplier algebra of a 
non-unital simple C*-algebra was initially used in [21] (and [25]). When A has real rank zero, 
one has the uniform bound for the length of path of unitaries in A which connects to the 
identity. This fact plays important role in many of earlier study of multiplier algebras. In 
general, however, for a unital simple C*-algebra A, the exponential length could be infinite. In 
other words, there will not be any control of the length. The idea to controlling the exponential 
length of unitaries in the multiplier algebras via the closure of commutator subgroup instead 
of controlling the exponential length in Uq(A) directly is new. We need results of exponential 
length of unitaries in the unitization of a non-unital simple C*-algebra. The method to actually 
controlling the exponential length of unitaries in the closure of commutators for unital simple 
C*-algebras was taken from [33] which is based on the results in the connection to the Elliott 
program of classification of amenable simple C*-algebras. 

The next section serves mainly for the notations and terminologies which will be used in the 
proof. Section 3 contributes to the understanding of exponential length of unitaries in the closure 
of commutator subgroup of non-unital simple C*-algebras. The computation of the exponential 
length plays critical role in dealing with unitary group of some ideals in the multiplied algebras 
and corona algebras of some simple C*-algebras, in particular, those of Z®K. Section 4 contains 
a number of technical lemmas that use the Cuntz relation to produce and deal with projections 
in the multiplier algebra of certain non-unital simple C*-algebras. The main technical lemma 
is 14.131 which allows us to connect a unitary to one which is nontrivial only in a small corner. 
Section 5 contains the main result. We show that the corona algebra of A® K, has real rank zero 
for a class of unital simple C*-algebras A which includes the projectionless simple C*-algebra 
Z. We expect a number of direct applications of the main result that M (Z ®1C)/Z®1C has real 
rank zero. However, these would be the subject of future projects. 

Acknowldgments This project began in 2009 when both authors visited American Institute 
of Mathematics during the Workshop in Cunz semigroups. It restarted in May 2012 when both 
authors were in Research Center for Operator Algebras in East China Normal University and 
partially supported by the Center. 

2 Notations 

Definition 2.1. For any C*-algebra C, denote by T{C) the tracial state space of C. Let r € 
T(C) and let n > 1 be an integer. We will also use r for the trace r <g> Tr, where Tr is the 
standard (non- normalized) trace on M n . 

Definition 2.2. Let A be a unital C*-algebra. Denote by U(A) the unitary group of A, by 
Uo(A) the path connected component of U(A) containing the identity. Denote by CU(A) the 
closure of the commutator group of Uq(A). 
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Definition 2.3. Let A be a unital C*-algebra with T(A) ^ 0. Let u G U (A). Suppose that 
{u(t) : t G [0, 1]} is a continuous path of unitaries which is also piece-wisely smooth such that 
u(0) = u and it(l) = 1. Define de la Harpe-Skandalis determinant as follows: 

Det(u) := Det(«(t)) := / T{^j^-u{t)*)dt for all r G T{A). (e2.1) 

J [0,1] dt 

Note that, if u\{£) is another continuous path which is piece- wisely smooth with Ui(0) = u 
and Ui(l) = 1, then Det((u(i)) — Det(iii(i)) G pa(Kq(A)). Suppose that u, v G U(A) and 
uv* G ?7o(^4)- Let {w(t) : t G [0, 1]} C C(^4) be a piece-wisely smooth and continuous path such 
that w(0) = u and w(l) = v. Define 

R UtV {r) = Det(«j(t))(r) = / T(^^-w(t)*)dt for all r G T(A). 

J[o,i] dt 

Note that R u ^ v is well-defined (independent of the choices of the path) up to elements in 
Pa(K (A)). 

Definition 2.4. Let p be a supernatural number. Denote by M p the UHF-algebra associated 
with p. Denote by <Q) p the Ko(Mp) which is identified with the subgroup of Q. Denote by Q the 
UHF-algebra with K (Q) = Q and [1 Q ] = 1. 

Definition 2.5. Let A be a unital simple C*-algebra. We write TR(A) = if the tracial rank 
of A is zero (see [26J). 

Denote by Aq the class of unital simple C*-algebras such that TR(A <g> U) = for some 
infinite dimensional UHF-algebra U. It follows from [37] that if ^4 G ^4o then TR(A ® J7) = for 
all infinite dimensional simple AF-algebras J7. 

Denote by -E the Jiang-Su algebra of projectionless simple ASH-algebra with Kq(Z) = Z 
and K\(Z) = 0. Note that 2 has a unique tracial state and Z G .4o- 

A unital separable C*-algebra A is said to be iJ-stable if A ® Z = A. 

Let p and q be two relative prime supernatural numbers. Define 

Z PA = {/ G C([0, 1], Af pq ) : /(0) G A ® M p and /(l) G A ® MJ. 

By Theorem 3.4 of |44] . there is a trace-collapsing unital *-embedding ip : Z v<q — > Zp„. More- 
over, Z is the stationary C*- inductive limit Z = \\m(Zp^, ip) (each building block is isomorphic 
to Zp^ and each connecting map is the same as ip). 

2.6. Let A be a unital C*-algebra and say that r is a tracial state of A. Let a G M n {A) + . Then 
d T (a) =df lim^oo r(a 1 / n ). 

For a C*-algebra A and 6, c G B + , b ^ c if b is Cuntz subequivalent to c, i.e., there exists a 
sequence {x n } in ^4 such that x n cx* n — > 6. 

2.7. Let C be a non-unital but cr-unital nonelementary simple C*-algebra. In [21], it is proven 
that there exists a unique smallest ideal J of M (C) which properly contains C. J has the form 
J = Jo where 

Jo = {x G M(C) : Va G C + — {0}, 3uq 3 (e m — e n )x*x(e m — e n ) X a, Vm > n > no} 

In the above, {e n } is an approximate identity for C. J is independent of the choice of the 
approximate identity {e n }. (See [21] 2.2, Lemma 2.1 and Remark 2.9. See also [25].) 

If, in addition, C has the form C = A <g> fC where A is unital C*-algebra with unique tracial 
state r and if also C has strict comparison of positive elements, then J (as defined above) is the 
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unique ideal of M(C) which sits properly between C and M(C). Moreover, in this case, J can 
be characterized by 

J = {x G M(C) : t(x*x) < oo}. 
(See [43]; see also [20], p], and [49].) 

Definition 2.8. Recall also, in the above, C is said to have continuous scale if for all x G 
C+ — {0}, there exists no such that for all m > n > no, (e m — e n ) X x. ([21] Definition 2.5.) 
(Note that this implies that M(C) = Jo = J.) If C has continuous scale, for any strict positive 
element a G C, d T (a) is a continuous function on T(C). 

Let i be a unital simple C*-algebra and let C C ^4 ® /C be a non-unital hereditary C*- 
subalgebra. Suppose that C has continuous scale. Suppose also that T(A) ^ 0. Then 

f(t) = sup{t(a) : a G C and < a < 1} 

(for i G T(.A)) is a continuous affine function in AS(T(A)). Since A is simple, 

inf{/(t) : t G T(A)} > 0. 

For each t G T(A), define 

r(c) = t(c)/f(t) for all c G C. 

Then r is a normalized trace on C. Note that every r G T{C) has this form. This also implies 
that T(C) is compact. 

Let C be a non-unital and u-unital nonelementary simple C*-algebra. Let J C M{C) be the 
ideal as defined in 12.71 and let a G J+ \ {0}. Then Ci = aCa has continuous scale. 

3 Exponential length 

The following is known. 

Lemma 3.1. (cf. 10.8 of |31j) Let e > and let A : (0, 1) — > (0, 1) be a non- decreasing map. 
There exists n > 0, 5 > and a finite subset Q G C(T) s . a . satisfying the following: Suppose that 
A is a unital separable simple C* -algebra with TR(A) = 0, and suppose that u, v G U(A) are 
two unitaries such that sp(n) = sp(i> ) = T, 

UroviQ > A(a) for all r G T{A) (e3.2) 

and for all arcs I a with length at least a>rj, where ip : C(T) — > A is defined by </?(/) = /(it) /or 
all f G C(T) and 

\T(g(u)) - T(g(v))\ < 5 for all g G G, for all t G T(A), (e3.3) 
M = [v] in Ki(A), 

Then there exists a unitary w G U(A) such that 

\\w*uw — v\\ < e. (e3.4) 

The following is a non-unital version of the above. 

Lemma 3.2. Let e > and let A : (0, 1) — > (0, 1) be a non- decreasing map. There exists 
7] > 0, 5 > and a finite subset Q G C(T) s . a , satisfying the following: Suppose that A is a unital 
separable simple C* -algebra with TR(A) = 0, C is a non-unital hereditary C* -subalgebra of 
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A ® K. with continuous scale, B = C and suppose that u, v G U(B) are two unitaries such that 
sp(it) = sp(v) = T, 

Vro V (Ia) > A(o) /or aZZ r G T(C) (e3.5) 

and for all arcs I a with length at least a>n, where <p : C(T) B is defined by <p{f) = f{u) for 
all f G C(T) and 

|r(#(u)) - T(g(v))\ < 5 for all g G Q and /or all r G T(C), (e3.6) 

[u] = [v] in K\{B) and 7r(u) = 7r(w), (e3.7) 

where % : B — > S/C = C is the quotient map. Then there exists a unitary w G U(B) such that 

\\w*uw — v\\ < e. (e3.8) 

Proof. Without loss of generality, we may assume that ir(u) = ir(v) = 1. Let e > and let 
{e n } be an approximate identity for C consisting of projections. Let Ai(o) = (l/3)A(3a/4) for 
a G (0,1) and A 2 = Ai/2. 

Let (5 > and r/i > (in place of rj) and finite subset Q C C(T) be required by Lemma [3.1l for 
e/2 and A 2 . Put n = rji/A. Suppose that u and v are two unitaries in B satisfy the assumption 
for the above 5 and rj. 

Let e/4 > eo > 0. Since C has continuous scale, there exists N > 1 and unitaries ui, v\ G 
e^Ae^ = ejyCeN such that 

||u - ((1 - e N ) + < e and \\v - ((1 - e^) + v{)\\ < e , 

and 

r(l - e^v) < min{5/16, A(??)/16} (e3.9) 

for all r G T(C). 

By choosing sufficiently small eo, we may assume that 

|t(#(«i)) - T{g(vi))\ < 5 for all r G r(e7v,4e7v) (e3.10) 

and for all g G Q. Moreover (by Lemma 3.4 of |32j). 

Mro^(/a) > Ai(a) for all r G T(C) (e3.11) 

and for all arcs I a with length a > rj, where ip(f) = /((l — eA?) + iti) for all / G C(T). It follows 
from (leTT9l) and fle3.1ip that 

(I a ) > A 2 (a) for all r G T(eArAe7v) 

and for all a > r/, where tpi(f) = f(ui) for all / G C(T). It follows from 13. ll that there exists a 
unitary w\ G eArAeA? such that 

— io*vitwa|| < e/2. 

Let w = (1 — ejv) + wi- Then 

||u — w*vw\\ < e. 

□ 



5 



Proposition 3.3. Let A be a unital simple C* -algebra, C C A ® /C be a non-unital hereditary 
C* -subalgebra with continuous scale and let B = C. Let u G U(B) with sp(u) = T. Then there 
exists a nondecreasing function A : (0, 1) — > (0, 1) such that 

/W J a) > A(a) for all t G T(C) (e3.12) 

and for all arcs I a with length a G (0, 1), where if : C(T) — > B defined by ip(f) = f{u) for all 
f G C(T). Moreover, one may also require that lim a _j.o+ A (a) = 0. 

Proof. Let ir : B — > B/C = C be the quotient map. Let A = ir(u). So A G T. Fix a G (0, 1). 
Consider finitely many open arcs I a ,i,I a ,2, ■■■,Ia,m G C(T) with radius a/2 such that A G I a ,i 
and every arcs I a with length at least a contains one of L a j and LiJL^I^j = T. Choose a non-zero 
positive function f a j € C(T) such that the support of f a j contained in L a j and 1 > f a ,j(t) > 
for all t € L a j, j = 1, 2, 3, m. Since / j € C for j = 2, 3, m, and T(C) is compact (since C 
has continuous scale), 

daj = inf{r(/ aJ ) : r G T(C)} > 0. 
For f at i, it dominates a non-zero positive element in C. It follows that 

<i = inf{r(/o,i) : r G T(C)} > 0. 

Define = min{a, d a j : j = 1,2, ...,m}. Then define 

A(a) = sup{D(r?) : < r/ < a}. 

Note that, for each a G (0, 1), I a D J&j for some j and any b < a. Therefore 

(4) 

for all r G T(C). It follows that 

^ro^{La) > D(b) for all r G T(C) and for all a > b. 

Consequently 

fi T o<p(Ia) > A(a) for all r G T(C). 

□ 

Lemma 3.4. Xei A be a unital simple separable C* -algebra with TR(A) =0, C C A® 1C be a 
non-unital hereditary C* -subalgebra with continuous scale and let B = C. Let u G Uq(B) with 
sp(u) = T and tt(u) = 1, where ir : B — ^ C is the quotient map. Then, for any e > 0, there exists 
a selfadjoint element h G C with sp(/i) = [— 2tt, 2tt] such that 

\\u - exp(ih)\\ < e and r(h) = for all r G T(C). (e3.13) 

Moreover, we may assume that 

sup lim T(\h\ l l n ) < 1. (e3.14) 

Proof. First we note that the assumption that sp(n) = T implies that A is infinite dimensional. 
Let e > 0. Let tp : C(T) B be the homomorphism defined by </?(/) = f(u) for all / G C(T). 
It follows from 13.31 that there exists a non-decreasing function A : (0, 1) —> (0, 1) such that 

/W/a) > A(a) for all r G T(C) 
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and for all arcs I a with length a G (0,1). Let rj > 0, 5 > and Q C C(T) s a . a finite subset 
be required by 13.21 for e/4 and A. To simplify the notation, without loss of generality, we may 
assume that \\g\\ < 1 for all g G Q. 

Let e/4 > eo > 0. Let {e„} be an approximate identity for C consisting of projections. We 
choose an integer N > 1 and unitary u\ G ejyCeN such that ui £ U^ie^Ce^ and 

||u - ((1 - e^) + «i)|| < e /2 and r(l - e N ) < min{e , A(r?/2)/4} (e3.15) 

for all r € T(C). Since e^Ce^s has real rank zero and infinite dimension, ui G C\J [e^Ce^. 
It follows from Theorem 4.5 of [33] that there exists a selfadjoint element b\ G e^Ce^ with 
ll^i II < 2-7T such that 

ll^i — ejv exp(z6i)|| < eo/2 and t(&i) = for all r € T[e^Ce^\ (e3.16) 

(This can be derived directly from the fact that C had real rank zero). We assume that ejv+i — 
e TV 7^ 0. Let (/i, (/2 £ (etv+i — eAr)C(ejv_|_i — eAr) be mutually orthogonal and mutually equivalent 
projections such that 

| T (g 2 )| = | T ( gi )| < min{e /327r, Ai(?7/2)/32^} for all r G T(C). (e3.17) 

We choose eo sufficiently small such that eo < 5/16n and 

\r(g(u)) - T(g(u[))\ < 6/2 for all g G Q (e3.18) 

where = (1 — eAr) + u\. Let b 2 € (?iCgi with sp(&2) = [— 2tt,2tt]. Let z G f7(-B) such that 
= q 2 . Let 63 = -z*b 2 z. Note that r(6 2 + 6 3 ) = for all r G T(C). Define u 2 = (1 — ejv+i) + 
(e jv+i — &n — Qi — Q2) + (qi + 92)exp(i(&2 + 63)) + u±. By (je 3.18I) . (|e 3.171) and the fact that 
1 1 9 1 1 < 1 for all g G <5, we estimate that 

\T(g(u)) - T(g(u 2 ))\ < 5 for all g G (e3.19) 

It follows from 13.21 that there exists a unitary w £ B such that 

[|« - ib*«2«;|| < e/2. (e3.20) 

Now let h = w*(bi + b 2 + b 3 )w. Then sp(/i) = [-2vr, 2vr], 

||u — exp(i/i)|| < e and r(/i) = for all r G T(C). 

Moreover (je 3. 14j) also holds since h G (e^v + <7i + q 2 )C(eN + qi + q 2 ). □ 

Corollary 3.5. £e£ A be a unital simple infinite dimensional separable C* -algebra of tracial 
rank zero and let C C A <S> K, be a non-unital hereditary C* -subalgebra with continuous scale. 
Suppose that u G U(C) with sp(u) = T and suppose that {e n } C C is an approximate identity 
consisting of projections. Then, for any e > and any a > 0, there exists k > 1 and a unitary 
w G CkCek with sp(w) = T such that 

\\u - (1 - e k + w)\\ < e and r(l - e k ) < a for all r G T{C). (e3.21) 

Proof. In the above proof, let 

w = (e N+ i -e N -qi- q 2 ) + (q 1 + q 2 ) exp(i(b 2 + 63) + u\ 

Then, since sp(b 2 ) = [—2tt, 2tt], sp(w) = T. Let k = N + 1. The corollary then follows. □ 
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The following is a non-unital version of Cor. 3.9 of [28 . 

Lemma 3.6. Let e > 0. There exists 5 > satisfying the following: For any unital separable 
simple C* -algebra A with real rank zero and stable rank one, any hereditary C* -subalgebra 
C C A <g> fC with continuous scale, and any unitary u E C with sp(u) = T, if v E C is another 
unitary with [v] = in K\(C) such that 

\\[u, v]\\ <5 and botti(u,w) = 0, (e3.22) 

there exists a continuous path of unitaries {V(t) : t E [0, 1]} in C with V{0) = v and V(l) = 1 
such that 

\\[u, V(t)}\\ < e for all t E [0,1] and length(V(i)) < vr + e. (e3.23) 
Moreover, if tt(v) = 1, one can require that ir(V(t)) = 1 for all t E [0, 1]. 

Proof. Without loss of generality, we may assume that 7r(u) = 1. Put C = B. Let 1/2 > e > 0. 
From Corollary 3.9 of [28], one has the following statement: There exists 5 > and a > 
satisfying the following: for any unital separable simple C*-algebra Aq with real rank zero and 
stable rank one, and unitary u' E Aq with sp(u') being cr-dense in T and any unitary v' E Aq 
with [v'\ = in K\{Aq) such that ||[u, v']\\ < S and botti(?/, i/) = 0, there exists a continuous 
path of unitaries {v'(t) : t E [0,1]} C A such that v'(0) = v', v'(l) = 1 and ||[tt', v'(t)]\\ < e/4 
for all t E [0, 1] and length({w'(t)} : t E [0, 1]} < ir + e/2. Choose such 5 and a. 

Choose 5i > satisfying the following: if u' and v' are two unitaries with sp(n') = T, then 
sp(u') is cr/2-dense in T, provided that \\u' — < 5±. 

Let {e n } be an approximate identity for C consisting of projections. Choose 9 > satisfying 
the following: for any unitaries u>i, u>2, u>3, botti(it;i, u^) and botti(u)2, W3) are well defined and 

botti(iui, W3) = botti(i/)2, W3) 

provided that || [iUj , 103] || < 9 and \\wi — 1^2 1| < 9. 

Choose ei = min{e/4, 5/4, 5i/2, 9}. Choose an integer N > 1 and unitaries ui,v\ E e^Ae^ = 
eiyCeiy such that 

\\u- ((l-ejv) + «i)|| < ei, \\v - (A(l - e N ) + v x )\\ < ei and < ei (e3.24) 

where A = tt(v). Moreover, by the choice of 9, 

botti(u,w) = botti(u' 1 , v[), (e3.25) 

where 

u'i = (1 — ejy) + u\ and v[ = A(l — ex) + v\. 

Note that 

botti(u' 1 , v'i) = botti(-ui, vi). (e3.26) 
It follows from (je 3.251) . and (|e3.2Hp 

botti(«i,«i) = 0. (e3.27) 

By the choice of 61, we conclude that sp(u' 1 ) is cr/2-dense in T. Thus sp(iti) is cr-dense in T. 
By applying the statement at the beginning of this proof (from Cor. 3. 9 of [28])) we obtain a 
continuous path of unitaries {w(t) : t E [1/2, 1]} C e^Ae^ such that 

w(l/2)=vi, w(l) = e N and \\[m, w(t)]\\ < e/4 for all t£ [1/2,1]. (e3.28) 
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Moreover, 

length{u>(i) :t€ [1/2,1]} <vr + e/2. (e3.29) 

By ()e 3.24j) . there exists h G -B s . a . such that 

\\h\\ < 2arcsin(e/4) and vexp(ih) = v[. (e3.30) 

Define w (t) = vexp(i2th) for t G [0, 1/2]. Then 

too(0) = u, u>o(l/2) = uj and length{-u;o(t) : t G [0, 1/2]} < e/2. 

Now define V(t) = uzo(t) if * G [0, 1/2) and V(t) = A(l - ejy) + w(t) for f G [1/2, 1]. Then V{t) 
is continuous and 

length{y(t)} < vr + e/2 + e/2 = vr + e. 

One also verifies that 

||K V(*)]|| < e for all t G [0, 1]. (e3.31) 

For the very last part of the lemma, assume that ir(v) = 1. Then A = 1. By (je 3.30j) . vr(/i) = 0. 
It follows that ir(wo(t)) = 1 for all t G [0, 1/2]. One then checks that 

7r(V(t)) = 1 for all t G [0,1]. 

□ 

Lemma 3.7. Let C be a non-unital hereditary C* -subalgebra of a separable C* -algebra with 
stable rank one, and let B = C . Suppose that u and v are two unitaries in B such that uv* G 
Uq(B) and ir(u) = 7r(u), where ir : B — > B /C = C be the quotient map. Then, we can always 
assume that 

Ru,v(to) = 

where to is the tracial state of B such that (io)|c = 0- 
Proof. We may write 

k 

uv* = exp(7riaj) 
i=i 

where dj G B s a _. Since tt(uv*) = 1, 

k 

n(aj) = 2m 

j'=i 

for some integer m. Define /ii = ai — 2m, hj = aj, j = 2, 3, k. Define 

k 

U(t) = Y[ exp(vrf(l - t)hj)v t G [0, 1]. 

3=1 

Then U(t) is a continuous piecewise smooth path with U(0) = u and U{1) = v. Moreover, 

k 

X>te) = o. 

It follows that 

□ 
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The following is a non-unital version for a special case of Lemma 3.5 of [33 . 

Lemma 3.8. Let e > and let A : (0, 1) — > (0, 1) be a non- decreasing function. There is 
5 > 0, rj > 0, a > and there is a finite subset Q C C(T) S , . satisfying the following: For any 
unital separable simple C* -algebra A with TR(A) = 0, any non-unital hereditary C* -subalgebra 
C <Z A ® K with continuous scale, any pair of unitaries u,v G C such that sp(u) = T and 
[u] = [v] in K\(C), ir(u) = tt(v), 

Mro^(la) > A(a) for all r G T(C) 

for all intervals I a with length at least ij, where ip : C(T) — > C is the homomorphism defined by 
= /(«) for all f € C(T), 

\r(g(u)) - T(g{v))\ < 5 for all r G T(C) (e3.32) 

and for all g G Q, for any a G Af f(T{C)) with a — R u ,v\t(c) £ Pc{Kq{C)) and ||a|| < a and 
y G Ki(C), there is a unitary w G C such that 

[to] = y, \\u — w*vw\\ < e and (e3.33) 

— T(log(u*w*vw)) = air) for all r G T(C). (e3.34) 
2iri 

Proof. Note that, since sp(u) = T, A has infinite dimension. Since TR(A) = 0, CU(A) = Uq{A) 
and pa{Kq{A))) = Aff(T(>l)). We will use these facts in the following proof. Without loss of 
generality, we may assume that ir(u) = ir(v) = 1. By 13.71 we may assume that 

Ru, v (t ) = 0, (e3.35) 

where to is th e tracial state of B that vanishes on C. 

Let e > and A be given. Choose e/2 > 9 > such that, log(-ui), log(u2) and logfuit^) are 
well defined and 

r(log(tiiu 2 )) = r(log(ui)) + r(log(n 2 )) (e 3.36) 

for every tracial state r and for any unitaries u±,U2 such that 

\\ Uj -i\\<e, i = 1,2. 

We may choose even smaller 9 such that 

botti(ui,ui) = botti(«2, v\) (e3.37) 

provided that || [iti, i>i]|| < 9 and —U2W < 9. Let 6' > (in place of 5) be required by Lemma 
3.1 of [33] for 9/2 (in place of e). Put a = 5' /2. Let 1/2 > 6 > and 77 be required byEJfor 
min{<T, 9/2, 1} (in place of e) and A. Suppose u and v satisfy the assumption for the above 5, rj 
and a. Then, by 13.21 there exists a unitary z G U (C) such that 

||u - z*vz\\ < min{cr, 9/2, 1}. (e 3.38) 

Let b= ^ Fi log(u*z*vz). Then ||6|| < min{0, a, 1}. By Lemma 3.2 of [33], b - R u , v G p c (K (C)). 
Note that, by (|e 3.38f) . || log(u*z*vz) || < 7r. Since 7r(n) = 7r(u) = 1, ir(u*z*vz) = 1. It follows that 
-n(\og(u* z*vz)) = 0. In particular, t${b) = 0. 
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Let a G Af f(T(C)) be such that |ja|| < a and a — R u ,v\t(c) £ Pc{Kq{C)) as given by the 
lemma. It follows that a — b G pc(Kq{C)). Moreover, ||a — 6|| < 2a < <5'. Let p,q £ Mk{C) be 
projections such that 

r(p -q) = a(r) - r(6) for all r € T(C). (e3.39) 

Let {e n } be an approximate identity for C consisting of projections. Choose an integer N > 1 
and unitaries ui,v\ G e^Ae^ = e^Ce^ such that 

\\u-((l-e N )+ui)\\ < mm{5/4,9/2}, \\v - ((1 - e N ) + v{)\\ <min{5/4,9/2} (e3.40) 
and r(l - e N ) < r] for all r G T(C). (e3.41) 

By I3.5|. we may also assume that sp(ui) = T. By (le 3.39D and (le 3.4ip . 

\r(p-q)\ < a for all r G T{e N Ae N ). (e3.42) 

Note that K\(C) = K\{C) = K\{eN Ae^). It follows from Lemma 3.1 of [33J that there exists 
a unitary z\ G ejqAe^ such that 

[*i]=V-[z], \\[ui,zi]\\<e/2 mibatti(ui,z 1 )(r)=T(p-q) (e3.43) 

for all r G T(eAr^4eAr). Put z 2 = (1 — ejv) + zi, u> = and it^ = (1 — ejv) +u%. It follows that 

= y and ||it — w*vw\\ < 9 < e (e3.44) 

bottiK,z 2 )(T) = a(r) - r(6) for all r G T(C). (e3.45) 
Put «o = — ejv) + u^) and vq = v (A(l — eAr) + t>*). So 

|K - 1|| < min{cty4,0/2} and \\v - 1|| < min{5/4, 0/2}. (e3.46) 
By the choice of 9, we have 

botti(u, z 2 ) = botti^, z 2 ). (e3.47) 
We compute that (using (je 3.36p . (je 3.37p . (je 3.47P and the Exel formula (see Lemma 3.5 of |30j)) 

— T(log(u*w*vw)) = -^—T(log(u*ZoZ*vzz 2 )) (e 3.48) 

2m' 2m 

= —T(\og(u*zl(uu f )z*vzz 2 ) (e3.49) 
2m 

= —T(log((z 2 u*z 2 f u)(u*z*vz)) (e3.50) 
2m 

= —XT{\og{z 2 u*zlu))+T{\og(u*z*vz))) (e 3.51) 

= ^-(T(log(u*z*uz 2 )) + T(b) (e3.52) 

= botti(«,Z3)(r) + r(6) (e3.53) 
= o(r) - r(6) + r(6) = o(r) for all r G T(C). (e3.54) 



□ 
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Lemma 3.9. (see 3.1 of [33] ) Let e > 0. There exists 5 > satisfying the following: Suppose that 
A is a unital separable simple C* -algebra with TR(A) = 0, C <Z A®>K is a non-unital hereditary 
C* -subalgebra with continuous scale and suppose that u G U(C) with sp(u) = T. Then, for any 
x G Kq(C) with \\pc{x)\\ < 5 and any y G Ki(C), there exists a unitary v G A such that 

[v] = y, \\[u, v]\\ < e and botti (it, t>) = x. (e3.55) 

Lemma 3.10. Let A be a unital separable simple C* -algebra which is Z -stable and let C C A®K. 
be a hereditary C* -subalgebra with continuous scale. Then C d$> Z = C. 

Proof. Let C = a(A ® IC)a for some positive element a G A ® K. By the assumption, we may 
assume that 

a < E N , 

where En = '~\.&m n (A)- Since A is instable, A has stable rank one. We may assume that a G 
M N (A). So C <g> Z is a hereditary C*-subalgebra of M N {A) ®Z = M N (A). Let b(A®M N )b = 
C ® Z, where b = a® lz- Then 

[a] = lb] 

in the Cuntz semigroup. Therefore C <8> Z = C. 

□ 

Lemma 3.11. Let e > and let A : (0,1) —> (0,1) be a non- decreasing map. There exists 
r] > 0, 5 > and a finite subset Q G C(T) s . a . satisfying the following: Suppose that A is a Z- 
stable unital separable simple C* -algebra such that TR(A®Q) = 0, C is a non-unital hereditary 
C* -subalgebra of A ® IC with continuous scale, B = C, and suppose that u,v G U{B) are two 
unitaries such that sp(u) = T, 

fJ-ro V (L a ) > A(a) for all r G T(C) (e3.56) 

and for all arcs L a with length at least a>n, where if : C(T) — > B is defined by tp(f) = f{u) for 
all f G C(T) and 

\T(g{u)) - T(g(v))\ < 6 for all g G G, for all r G T(C), (e3.57) 
[«] = M in i?i(C), uv* G Ci7(B) and vr(u) = tt(v), 

where ir : B — > S/C = C is i/ze quotient map. Then there exists a unitary w G [/(£> (g> 2^) suc/i 

||w*(u® l)ty - (u (g) 1)|| < e. (e3.58) 

Proof. Without loss of generality, we may assume that ir(u) = ir(v) = 1. We first note, by |34j . 
that TR(A ® M r ) = for any supernatural number r. Let 99 : C(T) -4 B be the monomorphism 
defined by </?(/) = /(«). 

It follows from 13.31 that there is a non-decreasing function A : (0, 1) — > (0, 1) such that 

/iro V (Oa) > A(a) for all t G T(C) (e3.59) 

for all open balls O a of T with radius a G (0, 1). 

Let e > 0. As in 13.101 we may assume that C C M n (A) for integer n > 1. 

Let p and q be a pair of relatively prime supernatural numbers of infinite type with Qp+Qq = 
Q. Denote by M p and M q the UHF-algebras associated to p and q respectively. Let z r : C — > 
C®M t be the embedding defined by i v (c) = c(g)l for all a G C, where r is a supernatural number. 
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Note Tr(M n (A) ® M x ) = 0. Define u x = i x {u) and v x = i x (v). Denote B x = C ® M x , r = p, q. 
Denote by cp t : C(T) — >■ i? r the homomorphisms denned by f x (f) = f(u x ) for all / G C(T), 
r = p, q. 

Let 5i > (in place of 8) be required by 13.61 for e/6. Without loss of generality, we may 
assume that 8\ < e/12 and is small enough such that botti(tii, Zj) and botti(iti, Wj) are well 
defined and 

botti(ni, Wj) = botti(tii, zi) + ■ ■ ■ + botti(«i, Zj) (e 3.60) 

if u\ is a unitary and Zj is any unitaries with || [u\, Uj] \\ < 8%, where Wj = Z\ ■ ■ ■ Zj, j = 1, 2, 3, 4. 
Let 82 > (in place 8) be require by 13.91 for 81/8 (in place of e). 

Furthermore, one may assume that 82 is sufficiently small such that for any unitaries Z\,z% 
in a C*-algebra with tracial states, r(^ log^z*)) = 1,2,3) is well defined and 

log ( ZlZ 2)) = T (^~ l °s{zi4)) + r (^- M^)) 

for any tracial state t, whenever \\zi — Zs\\ < 82 and \\z2 — Zs\\ < 82- We may further assume 
that 82 < min{5i, e/6, 1}. 

Let 8 > 0, 77 > and £3 > (in place of a) required by 13.81 for 82 (in place of e). 

Now assume that u and v are two unitaries which satisfy the assumption of the lemma with 
above 8 and 77. 

Since uv* G CU(B), R u ^ v G pb(Kq(B)). Since 7r(u) = 7r(t>) = 1, we may assume that 
Ru,v(to) = (see I3.T[) . It follows that there is a G Aff(T(C)) with ||a|| < £3/2 such that 
a - #u,c|t(C) G Pc{Kq{C)). Then the image of a p - R Up ,v p is in pc®M p (K (C ® M p ))), where a p 
is the image of a under the map induced by i p . The same holds for q. Note that 

Pro^(Ia) > A(a) for all r G T(C) (e3.61) 

and for all a > (and certainly holds for all a > rj). By Lemma [3.81 there exist unitaries z p G -Bp 
and Zq G -Bq such that 

[z x ] = in Ki(B x ), r = p,q, \\u p - z*v p z p \\ < 82 and \\v,q - z*v q z q \\ < 82. 

Moreover, 

r(- — ; log^p-Zpfp-Zp)) = a p (r) for all r G T(C p ) and (e3.62) 



1 

'27ri 



r (^I7 lo g( u q z q' u q ;2; q)) = a q( r ) for a11 r e T ( C 'q)- (e3.63) 



We then identify u p , ti q with u 1 and z p and Zq with the elements in the unitization of 
C&Mp ® Mq which is also identified with the unitization of C®Q. In the following computation, 
we also identify T{C) with T(C p ), T(C,), and T{C p ), or T(C q ) with T(C Q) by identifying r 
with r ® t, where t is the unique tracial state on M p , or M„, or Q. In particular, 

a p (r®t) = t(o) for all r G T(C) and (e3.64) 
a q (r(g)t) = r(a) for all t G T(C) (e3.65) 
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We compute that by the Exel formula (see 3.5 of [30J ), 

(r®t)(botti(u® l,Zp z <d) 



= (r ® 


f)(— log(z*z q (u* (8) l)z*zJu <g 1))) 


(e3.66) 


= (r g> 




(e3.67) 


= (t® 


f)(^iog(2 q («*®i)z;(D®i)) 


(e3.68) 


+ (r 


<g *)(— iog((«* iWu <g i)4) 


(e3.69) 


= (r® 


t)(^- l og(u*z*v q z q ) 


(e3.70) 


+(t 
= r(a) 


® t)(^-log(v*z p u p z*)) 
-r(a) = 


(e3.71) 
(e3.72) 



for all r G T(C). It follows that 

r(botti(u ® M*z q )) = 0. (e3.73) 

for all r G T(Cg)Q). 

Since the UHF-algebra D := Q, M p or M q have unique trace, the map pc <8> id^m) is the 
same as the map pc<&D if ^o(C ® D) is identified as Kq{C) <S> Kq{D) respectively. 
Let y = botti(n(g l,ZpZ q ) G kerpcigiQ- 

Since Q, Q p and Q q are flat Z modules, as in the proof of 5.3 of [35] . 

kerp c ®Q = kerpc^Q (e3.74) 
kerpc®M< = kerp c ®Qx, t = p and r = q. (e3.75) 

It follows that there are xi, x 2 , —, xi G pc(Kq(C)) and 7*i,r2, n S Q such that 

y = J^Xj (grj. 
i=i 

Since Q = Q p + Q q , one has r JjP G Q p and r^q G Q q such that rj = r JjP — r Jiq . So 

i=i i=i 

Put y p = Y!j=\ x j ® ^',p G kerpc®Mp and y q = £^ =1 »j ® r jA G kerpc^M,- 
It follows from 13.91 that there are unitaries w p G B p and u; q G B q such that 

[lot] =0 in Kx(B t ), r = p,q, ||[«p ,w p ]|| < Sx/8, ||[u q , w; q ]|| < 8 x /% and (e3.76) 

botti(n p ,iw p ) = y p and botti(n q , io g ) = y q . (e3.77) 

Put W p = z*w p G <5&Tm p and W q = z*w q G C<gM q . Then 

IK - Wp*w p Wp|| <8 2 + <5i/8 < e/6 and ||u q - W*t; q W q || < <5 2 + «5i/8 < e/6. (e3.78) 

Suppose that ir(W p ) = A p and 7r(W q ) = X q . Replacing W p by X p W p and Wq by A q iy q , we may 
assume that ir(W p ) = n(W q ) = 1. 
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Note, again, that u x = u <g) 1 and v x = v <g> 1, x = p, q. With identification of W x , w x , z x with 
unitaries in the unitization C Q, we also have 



|| [u ® 1, W;W q }\\ < ffi/4 and (e3.79) 

botti(u<8) 1, W p *W q ) = botti(u(8> 1, io*z p z*u; q ) (e3.80) 
= botti(u ® 1, Wp) + botti(w 8> 1, Zp-Zq) + botti(w <g> 1, iu q )(e 3.81) 
= -y P + (y P -2/q) + 2/q = 0. (e3.82) 

Let Z = W*W q . Then Z G U (C ® Q) since C <g> Q has stable rank one. Note ir(Z ) = 
7r(Wp*)7r(W q ) = 1. Then it follows from the choice of 8 lt jeH}, (le 3.820 andESlthat there is a 

continuous path of unitaries {Z(t) : t G [0, 1]} C C ® Q such that Z(0) = and Z(l) = 1 and 

|| [u (8)1, Z(t)]|| < e/6 for all t€ [0,1]. (e3.83) 
Moreover, by I3.6j. we may assume that 

Tr(Z(t)) = 1 for all t G [0, 1]. (e3.84) 

Define U(t) = W q Z(t). Then 

17(0) = W p , U{1) = W q and ir(U(t)) = 1 for all t G [0, 1]. (e3.85) 

So, in particular, U(0) G B p and U{1) G B q . Therefore, by (je 3.850 . U G C ® 2p, q cC®2isa 
unitary and, by (|e 3.780 and ()e 3.830 . 

||ti®l-l7*(t;®l)l7|| < e/3. (e3.86) 

□ 

The following is a non-unital version of Theorem 4.6 of [33]. 

Theorem 3.12. Let A be a unital separable simple Z-stable C* -algebra in Aq. Let C be a non- 
unital hereditary C* -subalgebra of A <g> /C with continuous scale and let B = C. Suppose that 
u G CU(B). Then, for any e > 0, there exists a self-adjoint element h G B with \\h\\ < 1 such 
that 

||u-exp(i27i7»)|| < e. (e3.87) 

Proof. Note that the assumption that u G CU{B) implies that ir(u) = 1, where tt : B — ^ C 
is the quotient map. Since C has continuous scale, without loss of generality, we may assume 
that C C Mk{A) for some k > 1. To simplify notation, we may further assume, without loss 
of generality, that C C A. We assume that sp(n) = T, otherwise u = exp(ig(u)) for some 
(real- valued) continuous branch of logarithm with ||g(u)|| < 2tt. Let e > 0. Let (p : C(T) — > yl 
be defined by <p(f) = f{u). It is a unital monomorphism. It follows from [3731 that there is a 
non-decreasing function Ai : (0, 1) —> (0, 1) such that 

Ih-otpila) > Ai(a) for all r G T{C) (e3.88) 

for all arcs I a of T with length a G (0, 1). Define A(a) = (l/3)Ai(3a/4) for all a G (0, 1). 

Choose 6i > satisfying the following: If hx,h,2 are two selfadjoint elements in any unital 
C*-algebra with ||/&j|| < 37r, j = 1,2, such that 

||^i — 7^2 II < S\, 
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then 

|| exp(i/ii) — exp(i/i2)|| < e/4. 

We may assume that 6\ < e/4. Note, by [34j, for any supernatural number p of infinite type, 
TR(A ® Mp) = 0. Let p and q be two relatively prime supernatural numbers of infinite type. 
Consider u ® 1. Denote by Up for u ® 1 in A ® Mp. For any 5%/2 > eo > 0, by 13.41 there is a 
selfadjoint element hp G C ® M p with sp(/i p ) = [— 2-7T, 27r] such that 

||up - exp(i/i p )|| < e and r(h p ) = for all r G T(C ® M p ). (e3.89) 

Moreover, for some 1 > r > 0, 

lim r(|/i p | 1/n ) < 1 — r for all r € T(C). (e3.90) 

Let T : C([-27r,27r]) s . a . -> Aff(T(C)) be defined by 

r(/)(r) = (T®t)(f(hp)) for all / G C([-2vr, 2vr]) s . a . (e3.91) 

and for all r € T(C), where t is the unique tracial state on Mp. 
Let (note we now assume that C C A) 

d{r) = sup{t(c) : < c < 1 and c G C} for all r G T(A). (e3.92) 

Note that inf r6 yM)(d(r)) > since A is simple. Since C has continuous trace, d G Af f(T(A)). 
Define r x : C([-2vr, 2tt]) s . . -> AS(T(A)) by 

ri(/)(r) = d(T)r(/)(r/d(r)) for all r G T(A). (e3.93) 

Let r\ > 0, 6 > and let £ be a finite subset as required by 13.111 for Si/ '4 (in place of e) and 
A. Note A(a) = (l/3)Ai(3a/4) for all a G (0,1). Choose eo sufficiently small, so the following 
holds (see Lemma 3.4 of [30]): For any unitary v G C ® M p , if ||u p — u|| < eo, then 

MroV-(4) > A(o) for all r G T(C) (e3.94) 

and for all arcs I a with length a > rj, where ip : C(T) -4 A ® M p is the homomorphism defined 
by ip(g) = S'(v) for all g G C(T), and 

|r( 5 (n p )) - T(g(v))\ < 5 for all r G T(C) (e3.95) 

and for all g G Q. Note each r G C ® M p may be written as s ® t, where s G T(C) is any tracial 
state and t G T(M p ) is the unique tracial state. It follows from 3.8 of [33] that there exists a 
selfadjoint element Hq G A with sp(/i) = [— 27r, 27r] such that 

r(/(M) =Ti(/)(r) = (^j)(f(hp))d(r) for all / G C([-2vr, 2vr]) (e3.96) 

and for all r G r(A). It follows that 

d T (\h \) <d(r)(l-r). 

for all r G T(A) (see (le 3.901) ). Let {e n } be an approximate identity for C (e n may not be 
projections). Since C has continuous scale, we may assume 

d T (\h \) < r(e n ) for all r G T(A) 
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and for some n > 1. Note that < e n < 1. So, in particular, 

drfl/iol) < dr(e n ) for all r € T(C). 

The strict comparison implies that we may assume that ho G e n Ce n . Note that 

r(ho) = for all r G T(C). (e3.97) 

Define ui = exp(i/io) € ^4 and denote by tp\ : C(T) — > A the homomorphism given by ipi(f) = 
f(vi) for all / G C(T). Note that, by (Ie3.96p . 

T(g(vi)) = [T®t)g(exp(ihp)) for all r G T(C) (e3.98) 

and for all / G C(T). By the choice of eo, as in (je 3.94p and (|e 3.95p . 

/Aro^i(io) = M(-ro®f)oV>i ^ A ( a ) for a11 T 6 T (C) (e3.99) 
and for all arcs J a with length a>rj. Moreover, 

|r(0(u)) - r(^(«i))| = |(r ® i)(<?K)) " (t ® i)fo(exp(ify)))| < 5 (e3.100) 

for all r G T(A) and for all g G <?. Note since r(/i ) = for all r G T(C), «i G CU(C). It follows 
from 13.111 that there exists a unitary W G C ® -2 such that 

||(« 1) - ® 1)W|| < «5i/4. (e3.101) 

Denote by i : A — > A ® Z defined by i(a) = a ® 1 and define j : A ® Z — > A such that 
j o % is approximately inner. Since A is separable, there is e G C+ with < e < 1 which is 
strictly positive in C. Let f c (t) = 1 if t G [c, 1], / c (i) = if i G [0, c/2] and linear in [c/2, c]. 
So {/i/n(e)} and {/i/ n (e) ® 1} form approximate identities for C and for C ® Z, respectively. 
Choose 1 > c > such that 

\\(fc(e)®l)W*(vi®l)W-W*(vi®l)W\\ < «Ji/16tt and (e3.102) 
||W*(t;i ® l)W(/ c (e) ® 1) - W*(vx®l)W\\ < 5i/16tt (e3.103) 

Let 2! G ?7(-A) such that 

\\z*j o i{ a )z - a|| < Vl6vr (e 3.104) 
for a G {n,ui,/i,/ c (e),e,/ c/2 (e)}. Then, 

||u - z*j(W*(v! ® 1)W>|| < «5i/16tt. (e3.105) 

Moreover, 

||/c/a(e)«*i(/c(e) 1)* - **i(/c(e) ® l)z\\ < 6i/8tt (e 3.106) 

Put H = z*j(W*)j(h ® l)j(W>, Fx = 2*i(/ c (e) ® l)i(W^)j(/»o ® l)j(W)i(/ c (e) ® 1)* and 
h = f c / 2 {e)z*j(W*)j{ho ® l)j{W)zf c/2 (e). Then ||F|| < 2vr, ||i7i|| < 2vr and ||/t|| < 2vr. We note 
that z*j(Ty*)j(/i ® l)j(W)z G ^4 and C is hereditary, h E C (recall that we assume that C C A 
at the beginning of this proof). Since v\ = exp(iho), by (le 3.105p . 

\\u - exp(iH) || < oi/16vr. (e 3.107) 
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It follows from (le 3.1021) and fltpTHBD that 

\\H-H 1 \\<4& 1 /16 = 6 1 /4, (e3.108) 

and by (|e3.106|) . 

\\Hi-h\\<4S 1 /8 = 8i/2. (e3.109) 

Therefore 

\\H-h\\<S x . (e3.110) 

By the choice of Si, we have 

\\exp(iH)-exp(ih)\\ < e/4. (e 3.111) 
It follows from (le3.1U7|) and (Ie3.111|) that 

||ti-exp(ifc)[| < e. (e3.112) 

The point is that now h £ C. □ 

4 Unitaries in a small corner 

In what follows, A will be a simple unital separable stably finite C*-algebra such that all qua- 
sitraces extend to traces and A <8> K has strict comparison of positive elements. J will be the 
unique smallest ideal in M{A ® K.) which properly contains A ® K. (See 12.71 ) 

Lemma 4.1. Let a, b G J+ \ (A eg) /C) suc/i i/iai ||6|| < 1 and 6 induces a continuous function on 
T(A). Let 

inf{r(6) - d r (a) : r G T(A)} > 0. 

Then a H 6. 

Proof. We may assume that ||6|| = ||6 + -A <8> /C[| = ||a|| = ||a + A (g> /C|| = 1. 

Let e > be given, and let {ek}^ =1 be an approximate identity for A <g> K, consisting of an 
increasing sequence of projections. We may assume that e < 1. Let 5 > be such that 

1005 = inf{r(6) - d T ((a - e/10)+) : r G > 

for all r € T(j4). Note that since b induces a continuous function on T(A), we must have that 
for every c6 (A® /C) + — {0}, there exists N' > 1 such that for all > / > A^', 

{e k - ei)b{e k - ei) < c. (e 4.113) 

Note also that by the definition of J (see EH), for all c G (A<g>/C)+ \ {0}, there exists N" > 1 
such that for all k > I > N", 

(e k - e,)(a - e/10)+(e* - e,) d c. (e 4.114) 

By (le 4.1131) . let JV > 1 be such that for all k > I > N and for all r G T(A), 

dr((e fc - e,)&(e fc - e,)) < 5/100. 
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It follows that 

r{e N+2 b) > d T ((a - e/10)+) + -5/100 for all r G T(A). 

By choosing 6% > small enough, we may assume that 

T{(b 1/2 e N+2 b 1/2 - 5i)+) > d T {(a - e/10)+) + 5/1000 for all r G (e 4.115) 

Let /i : [0, oo) — > [0, 1] be the unique continuous function such that 

'l ie[9/10,oo) 
<0 t€ [0,8/10] 

^ linear on [8/10,9/10]. 

We now construct a subsequence {kj}JL Q of the positive integers and a sequence {p n }^=o °f 
pairwise orthogonal projections in A <g> fC which have the following properties: 

(1) N + 2 < kj < kj + 10 < kj+i for all j. 

(2) h{b x ' 2 (e k2n - e^^b 1 / 2 ) > for all n > 1. 

(3) p m _L p n for all m ^ n, 

(4) for each n, there exists V such that ^fc=iPri < e^/, 

(5) ||p b 1/2 eAr + 2& 1/2 Po - fe 1/2 eAr +2 fe 1/2 || < min{e/1000,5ie/1000} and 

T((p b 1/2 e N+2 b 1/2 po - 5i)+) > d T ((a - e/10)+) + -5/10000 for all r G T(4), 

(6) \\p n {b l/2 (e k2n - e k2n _ x )b x l 2 )p n - b l ' 2 {e k2n - e^b^W < min{e/1000 n + 10 , ^e/lOOO^ 10 } 
for all n > 1, 

(7) h^ 1 / 2 ^ - e k2n _ x )b x l 2 )p n ) > for all n > 1. 

The construction is by induction on n (and j = 2n — 1, 2n for n > 0; we don't define 
Basis siep n = 0. 
We take 

ko = d f N + 2. 
By (je4.115p . find an integer L > N + 10 such that 

\\e L b l/2 e N+2 b 1/2 e L - b 1/2 e N+2 b 1/2 \\ < min{e/1000, <5ie/1000} and 
T((e L b 1/2 e N+2 b 1/2 e L - Si)+) > d T ((a - e/10)+) + -5/10000 for all r G T(4). (e 4.116) 

Take 

We have also shown (5) above holds. 
Induction step. Suppose that for n > 0, and for all I < n, k 2 i-i, k 2 i and p\ have been constructed. 
We now construct k 2n+ i,k 2n+2 and p n +i which satisfy the condition (l)-(7) above. 

By the previous steps in the induction, there exists an integer L' > 1 such that pi < ey for 
all I < n. Increasing V if necessary, we may assume that V > k 2n . 

Now choose an integer k 2n +i > k 2n + 10 such that 

||e L , +10 & 1/2 (l-e fc2n+1 )|| < (l/10)min{e/1000 n+11 ) 5 ie /1000"+ 11 }. 
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Since ||6 + ^l<g>/C|| > 99/100, 

h{b l /\l - e k2n+x )b 1 ' 2 ) > and (e 4.117) 

h((l - e L ,+i )6 1/2 (l - e fc2n+1 )6 1/2 (l - e L '+w)) > 0. (e4.118) 

Hence, choose k2 n +2 > &2n+i + 10 such that 

Hb 1/2 (e k2n+2 - e k2n+1 )b^ 2 ) > (e4.119) 

(so (2) above holds for n + 1) and 

2n + 2 e fc2n+l 

)6 1 /2 ( i_ eL/+lo))>0 . 

Note that 

\\e L > + iob 1/2 (e k2n+2 -e Wl )|| < (1/10) min^/lOOO^ 11 , 5 ie /1000" +11 }. 

(Here we also use that ||6|| < 1.) 

Hence, choose L" > L' + 20 so that 

h((e L " - e L/+w )b 1/2 (e k2n+2 - e fc2n+1 )6 1/2 (e L » - e u+w )) > and (e4.120) 
\\{e L n - e L , +10 )b l / 2 {e k2n+2 - e k2n+1 )b l / 2 {e L „ - e L , +w ) - b l / 2 {e k2n+2 - e k2n+1 )b l l 2 \\ (e4.121) 
< min{e/1000 n+11 ,5ie/1000 n+11 }- (e 4.122) 

It is clear that (1) follows. 
Let 

Pn+i =df £l" — eu+io- 

Then (3) and (4) follow (for n + 1). Moreover, (6) follows from (|e4.122p and (7) follows from 
(le 4.1201) . 

This completes the inductive construction. 

Note also, by (4) above Y^=iPn converges strictly in M(A ® /C). 

We now construct two subsequences {m n }^L and {L n }^ =0 of the positive integers and a 
sequence {^nj^Lo OI " projections in A <g> K so that the following hold: 

(i) q n _L q n i whenever \n — n'\ > 2. 

(ii) Qn < e Ln - e Ln _ 2 (We define L_ 2 = £-1 = e L _ 2 = & L _ X = 0.) 

(iii) For all n > 1, 

||e L „_ 1 (a-6)f(l-e m J|| < (l/10)(e/10" +11 ). 

(iv) Ylm In converges strictly, 
(v) 

q n (a - e/10)+ /2 (e mn - e mn _ 1 )(a - e/lO) 1 / 2 ^ ~ e /i o™+i° (a - e/10)+ /2 (e mn - e mn _ 1 )(a - e/W) 1 / 2 
for all n > 1. 

(vi) q (a - e/10)+ /2 e mo (a - e/W^qo ~ e /iooi° (a - e/10)+ /2 e mo (a - e/10)+ /2 

(vii) For all n > 1, 

(a - 6/10)y 2 (e mn - e mn _ 1 )(a - e/10) 1 / 2 ± h(p n b l l 2 {e k2n - e k2n _,)b x l 2 Vn ) 
The construction is by induction on n. 
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Basis step n = 0. 

By (|e 4.114j) . choose tuq > 1 so that for all k > I > mo, 

(a - e/10)V 2 (e fc - e,)(a - e/lO)^ 2 ^ h^ 2 ^ - e kl )b l / 2 Pl ). 
Choose an integer Lq > 1 so that 

e io (a - e/10)y 2 e mo (a - e/10)+ /2 e io ~ e /i oio (a - e/10);/ 2 e mo (a - e/10) 1 / 2 . 

Let 

9o =d/ e io . 

So (vi) holds. 

Induction step. Suppose that mi and qi have been constructed for all / < n. We now construct 
m n+ i and q n+1 . 

By the induction hypothesis, 

n— 1 n 

J^<?j < ei n _ x , J^q,- < e Ln and (e 4.123) 

j=0 i=o 

IK.^a-e/lO)}/ 2 (l-e m J|| < (l/10)(e/100"+ n ). (e 4.124) 

Choose m n+ i > m n so that the following hold: For all k > I > m ra+ i, 

(a - e/10)+ /2 (e fc - ej)(a - e/10) 1 / 2 r< /j(p n +2& 1/2 (efc 2n+4 - e fc2n+3 )6 1/2 p n+2 ). 
(Here, we are using (le4.114p .) 

\\e Ln (a - e/10)f (1 - e mn+1 )|| < (l/10)(e/100"+ 12 ). 
Thus (hi) holds. By the induction hypothesis, we have that 

(a - e/10)y 2 (e mn+1 - e m J(a - e/10) 1 / 2 < h( Pn+1 b 1/2 (e k2n+2 - e k2n+1 )b 1/2 Pn+1 ). 
Also, since 

||e in _>- e /10)f (l- em J|| < (l/10)(e/HXT +11 ), 

We^ia - e/W)f (e mn+1 -e m J|| < (l/10)(e/100" +n ). 

(Here we use that ||a|| < 1.) Thus (vii) holds. 

Hence, we can find L n+1 > L n and a projection q n+1 E (e Ln+1 -eL n _J(^(g)/C)(eL n+:L -e in _J 
such that 

||g n+1 (a-e/10)y 2 (e mn+1 -e m J(^^ < e/100 

Thus (v) holds. We also have (ii) holds. 

This completes the inductive construction. Note that (iv) follows from (ii). 

Now, by (vii) and the Cuntz relation, for all n > 1, there exists x n E q n (A® IC) Pn such that 

H^nll < 10/8 and 

q n {a - e/10)+ /2 (e mn - e mn _J(a - e/10)+ /2 <?„ x n (p n 6 1/2 (e fc2n - e fc2n _ 1 )6 1/2 p n )x;. (e 4.125) 

(In the above, the norm estimate ||x n || < 10/8 comes from the fact that we are using the 
function h in (vii), and from the continuous functional calculus.) 
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Since ||6|| < 1, by (5) above and the assumption that A has strict comparison for positive 
element, we have 

(a - e/10)+ ± (pob^eN^b^po - <5i)+. (e 4.126) 
It follows from (je 4.126[) and (vi) there exists xq G qo(A ® /C)eAr +2 such that 
Ikoll < 100/tfi and 

g (a - e/10)+ /2 e mo (a - e/10)y 2 g ~e/ioo x (pofr 1/2 eAr+ 2 fr 1/2 po);£o- (e 4.127) 
Let x G M(A ® /C) be given by 



oo 
n=l 



Note, by (3) and (i), 2~^fcLo x 2fc and X^o x 2fc+i converges in the strict topology. 
It follows from (5), (6) and (je 4.1270 that 



xb^ew + - e fc2n _ x ))6 1/2 x* 

n=l 

oo 

: e/100 x(p ^ 1/2 ev+2& 1/2 P0 + 5Z Pn&1/2 ( efc 2" ~ e fc2n-i)) ftl/2 Pn)x* 

n=l 

oo 

= 2;oPo& 1/2 eAr+2^ 1/2 Poa;o + ^Pn& 1/2 (ejfc 2n - ek 2n -i)b 1/2 p 
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e/ioo (a - e/10)+ /2 (e mo + ^(e m „ - e m „_ 1 ))(a - e/10) 1 / 2 



n=l 

(a - e/10)+ ss 6 / 10 a 



Hence, 



x6 1/2 (e7v +2 + ^(e fc2n - e^.J^V « e a. 

n=l 

Since b > b 1 / 2 (eN+2 + Y^=i( e k2 n ~ e fe2n-i))^ 1//2 ) there exists y G M(vl ® /C) such that 



yby* ra e a. 

Since e > was arbitrary, 



a ^ 6. 

□ 



Proposition 4.2. Suppose, in addition, that A has stable rank one. 

Suppose that p, q G M(A ®K,)\A®K are two projections such that r(p) = r(q) < oo for all 
t G T(A). Then there exists a partial isometry v G M(A ® JC) such that 



v pv = q. 



Proof. Put C = A&1C. Let a G pCp and 6 G qCq be two strictly positive elements. Then neither 
are projections. By the assumption, 

d T {a) = d T {b) for all r G T(A). 
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Since C has strict comparison for positive elements and A has stable rank one, one obtains a 
partial isometry v E C** such that xv E C for all x E Ca and vy E C for all y E bC. Moreover, 

v*aCav = bCb. 

(See, for example, [IS]-) For any c E C, since g E M(C), qc E C. It follows that qc E 6C. 
Therefore 

vc = vqc E C. 

Similarly, cv = cpv E C. Therefore v E M(C). We verify that 

= q. 

□ 

Before proceeding with the next result, we both recall and introduce some notation, and also 
recall some preliminaries, which will be specific to the next result. 

Let JC be the compact operators and let {ej t k}i<j,k<oo be a system of matrix units for K,. 
Recall that by identifying A with A ® en, for every r E T(A), there is a natural extension of 
r to a trace (which we also denote by "r") on (A <S) /C)+ and hence M{A ® 10)+. Similarly, by 
identifying A with A ® e\\ ® ei i, there is a natural extension of r to a trace (which we also 
denote by "r") on(A®K® K) + and hence M(A ® /C <g> /C)+. 

Let C = d f A g) /C. Note that for all c E M(C)+, for all r E T{A) and for all j > 1, 

r(c®e ij -) = r(c). (e 4.128) 

Next, let ^ : /C — )• /C ® /C be a *-isomorphism. This induces a *-isomorphism 

^ = rf / idA ® ^ : C -4 C <g> /C. 
induces a *-isomorphism (which we also denote by "<!'") 

: M(C) -4 M(C®/C). 
Moreover, for all r E T(.A), we have that 

to^ = t. (e 4.129) 

Next, we introduce some notation concerning Hilbert modules. (For more information (and 
notation) concerning Hilbert modules, we refer the reader to |18j . |45j Chapter 14 and [4] Chapter 
13.) For a Hilbert C-module E, for all x,y E E, let 9 x ,y E K(E) be the element that is given 
by x ,y =df x < y, . >; i.e., x ^ y {z) =df x < y, z > for all z E E. Recall that K{E) is the closed 
linear span of all the 9 x ,y for x,y E E. 

Recall (see, for example, |18j Lemma 4 and Theorem 1, or [45] 15.2.11 and 15.2.12) that we 
have a *-isomorphism 

$ : K{H C ) ^C®K 

given by 

l<J,fc<00 

where 77, £ E ifc have the form 77 = (61,62,63,...) and £ = (ci, C2, C3, ...), where 6j,Cfc E C, 
fr/kj an d Sfcli c j c j converges in norm. Moreover, $ induces a ""-isomorphism (which we 
also denote by "3>" ) 

$ : B(-ffc) -> m(c®x:). 

The above *-isomorphism is a special case of Kasparov's Theorem ([18] Theorem 1). 
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Proposition 4.3. Suppose, in addition, that A has the property that, for every bounded strictly 
positive affine lower semicontinuous function f : T(A) — > (0, oo), there exists a non-zero a G 
(A which is not Cuntz equivalent to a projection such that d T (a) = /(t) for all r G T(A). 

Then for every bounded, strictly positive, affine, lower semicontinuous function f : T(A) — > 
(0, oo), there exists a projection p E M(A ® JC) \ (A <g> JC) such that 

r(p) = /(r) for all r G T(^). 



Proof. We will use the notation introduced before this proposition. Let a G C + ((= (A ® /C) + ) 
be such that a is not Cuntz equivalent to a projection in C and 

d T (a)=f(T) (e 4.130) 

for all r G T(j4). By the Kasparov Absorption Theorem ( |18| Theorem 2), let g G B(Hc)\K(Hc) 
be a projection such that 

qH c = ~a~C. 

Hence, let 

U:aC^qH c (e 4.131) 

be an (unitary) isomorphism of Hilbert C-modules. Let r\ G qHc (C Hq) be a vector such that 
rj = U(a). Hence, 

< n, rj >=< U(a), U(a) >=< a, a >= a 2 and qH c = rjC. (e 4.132) 

Since rj G qHc C i?c", has the form 

?? = (ai,a 2 ,a 3 , ) 

where ay G C for all j > 1. Note that by (|e4.132j) . 

oo 

~^2a*aj =< rj,r] >= a 2 . (e 4.133) 

3=1 

Note that 

K(qH c ) = qK(H c )q 

and under the isomorphism $ (see the notation introduced before this proposition), 

Also, K(qHc) is the closed linear span of elements of the form O^c^d for c, d G C. Moreover, 
the image, under $, of such an element is: 

$(0 V c,T)d) = ( a 3 cd * a l)® e j,k (c,deC). 

l<j,k<oo 

Hence, 



<$>{K{qH c )) = b{C®K)b* 
where b G C <g> K, is the element that is given by 

oo 

b= df ^Z a 3® e 'J,l- 
3=1 
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Hence, for all r G T(A), 

r(*(g)) = lim r((66*) 1 / n ) = d T (bb*). (e 4.134) 

n— >oo 

But by the definition of 6 and by (je 4.1330 . 

oo 

6*6 = a j a j ® e i,i = a 2 <S> e^i. 
i=i 

Thefore, by (|e4.130D . (Ie4.134|) and (Ie4.128|) . for all r G 

/(r) = ^ (a) = d r (a ® ei,i) = r($(g)). (e 4.135) 

If we let p o then, by (|e 4.1290 . we are done. □ 

Remark 4.4. We note that by [7] Theorem 5.5, if A is a unital simple exact finite and 2-stable 
C*-algebra then A satisfies the hypotheses of Proposition 14.31 

We can generalize Proposition 14.31 to the case where the lower semicontinuous function is 
unbounded or takes the value oo. 

Corollary 4.5. Suppose, in addition, that A has the property that, for every bounded strictly 
positive affine lower semicontinuous function f : T(A) — > (0, oo), there exists a nonzero a G 
(A<g>/C) + which is not Cuntz equivalent to a projection such that d T (a) = /(t) for all r G T(A). 
(E.g., A can be unital simple exact finite and Z- stable.) 

Then for every strictly positive, affine, lower semicontinuous function f : T(A) — > (0, oo], 
there exists a projection p G M(A <g> /C) — (A ® AT) such that 

T (p) = /( T ) for all r G T(A). 



Proof. Let {^ n }$?Li be a sequence of pairwise orthogonal projections in M(A JC) such that 
q n ~ 1 for all n > 1 and X/n^=i ?n = 1> where the sum converges in the strict topology on 
M(A®K). 

Next, / is the pointwise limit of a strictly increasing sequence of strictly positive affine 
continuous functions on T{A) (see [I] Lemma 5.3; see also [13] Theorem 11.12 or |10| (Edwards' 
Separation Theorem)). In other words, let {f n } c ^Li be a sequence of strictly positive affine 
continuous functions on T(A) with f n < f n +i for all n such that /«—>■/ pointwise (where oo is 
allowed to be the limit at a point) . 

For all n > 1, let g n be the strictly positive affine continuous function on T(A) that is given 
by 9n =df fn — fn-i (where /o =df 0). For each n > 1, apply Proposition 14.31 to get a projection 
p n € q n M(A (g> /C)g n such that 

r(Pn) = 5n(r) for all r G T(A). 

Let p =rfj YlnLiPn- Then the sum converges strictly and p is a projection in M(A ® K) — 
{A (g> /C) such that 

r(p) = /(r) for all r G T{A). 

□ 

The next lemma is standard (e.g., see Lemma 2.1 in [11]). 
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Lemma 4.6. For every e > 0, there exists 5 > such that the following holds: 
If C is a unital C*-algebra and p,q G C projections such that 

pq wa p 

then there exists a unitary u G C such that 

upu* < q and ||u — 1|| < e. (e 4.136) 



The next lemma is an observation of Rordam ( |42j section 4). 

Lemma 4.7. Let C be a unital C*-algebra and let x G C be a nilpotent element (i.e., x 2 = 0). 
Then 

x G GL{C) 

where the closure is in the norm topology. 

NOTE: For the rest of this section, unless otherwise stated, A is a unital separable simple 
instable C*-algebra with unique tracial state r which is the only normalized quasitrace and J 
is the unique proper C*-ideal of M{A ® /C) which properly contains A ® fC (see 12, 8p . 

Lemma 4.8. Let p G J\A(g>/C be a projection, and suppose that a G pJp is a positive element 
such that 

2d T (a)<T(p) 

and there exists positive c G pJp \A<S)IC such that cla. 

Then for every e > 0, there exists a projection q G pJp \ p(A (g> lC)p such that 

d T (a) < r(q) < d T (a) + e and qa « e a. 



Proof. For simplicity, let us assume that ||a|| < 1 and e < 1. 

Let h : [0, 1] — >■ [0, 1] be the unique continuous function such that 



h(t) 



1 t G [e/10000, 1] 

t G [0, e/100000] 

k linear on [e/100000, e/10000] 



Hence, p — h(a) G p(A <g> K,)p is a positive element such that 

r{p — h{a)) = r(p) — r(/i(a)) > r(p) — d T {a) > d T (a). 

Also, since c G Her(p — h(a)), p — h(a) £ A (8> JC. 

Hence, by Lemma [4. II and Proposition 14.31 let r £ pJp — p(A®)C)p be a projection such that 

d T (a) < r(r) < d T (a) + e and r G Her(p — h(a)). 

Hence, 

r _L (a - e/1000)+. 
By Lemma 14.11 again, let x G pJp be an element such that 

x*x = (a — e/50) + and xx* < r. 
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Let 

x = v\x\ 

be the polar decomposition of x (in ^4**). Then 

(a — e/50)+ = \x\ 2 and v \x\ 2 v* < r. 
Note that since (a — e/50) + _L r, x 2 = 0. Hence, by Lemma Wl\ 



□ 



x G GL(pJp). 

Hence, by Theorem 5 in [40], let it G pJp be a unitary such that 

u(a - 3e/100)+u* = v(a - 3e/100)+u* < r. 

Hence, 

(a-3e/100)+ < u*ru. 

In particular, 

u*rua f« e a. 

Taking g =rfj u*ru, we are done. 

Lemma 4.9. Ze£ p G J\(A® IC) be a projection and let u E pjp be a unitary. 
Suppose that p\ G pJp \ p(A ® K,)p is a projection such that 

IOOtOi) < r(p). 

Then for every e > and for every projection q G J\A<S>K. with q _L p, there exist projections 

pi = ei < e 2 < e 3 < p + q 
where the inequalities are strict, and there exists a unitary w G (p + q)J(p + q) such that 
\\w — (u + q)\\ < e and we\w* < e 2 < we^w* < p + q. 

Moreover, 

e2 ^ P + q - e 2 - 

Proof. By the virtue of 14.3} replacing q by a subprojection if necessary, we may assume that 

T(g)<(T(p)-T( Pl ))/10 10000 . 

By Lemma 14.11 Proposition 14.31 and Proposition \A.2\ we can decompose q into a direct sum 
of non-zero projections 

q = q > + q » + q »> 

such that q', q" , q'" G J \ (A ® £). 

Let #5 > (in place of <5) associated with e/100 (in place of e) be given by 14.61 Let <5j_i > 
(in place of 5) associated with 8j /100 (in place of e) given bv !4.6[ j = 5, 4, 3, 2, 1. 

Take ei = df p%. 
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By hypothesis, 

r(ei) < r(p)/100. 

Hence, 

ei + ue\u* € pJp and d T (ei + ue\u*) < r(p)/50. 
It follows from Lemma 14.81 that there exists a projection q\ E (p + q')J(p + </) such that 

dr(ei +neiu*) < r(gi) < d r (ei + ueiu*) + min{^, r(p)}/10 100 , (e4.137) 

Qiei ~6i ei and q±ueiu* sa^ ue\u*. 

By Lemma 14.61 and the definition of <5i, we can find a projection e 2 € (p + q')J{p + <?') such 
that 

|| e 2 < 5 2 /50 

(and hence e 2 ~ gi) and 

ei < e 2 . 

As a consequence, (since 5i < <5 2 /100), 

e 2 (ue\u*) k.$ 2 ue\u*. 

It follows from Lemma f4.6l and the definition of S 2 that there is a unitary wi € (p+g')<^(P+9') 
such that 

|H-(u + g')|| <h/50 

and 

wieiit;* < e 2 . 

Since 

d r (e 2 + u-teawi) < 2(r(p)/50 + rnin{5i, r(p)}/10 100 ) < r(p)/25 + 2r(p)/10 100 , 
and by Lemma \$~8\ let g 2 € (p + + q")J(p + q' + q") be a projection such that 
d T (e 2 + wle 2 wi) < T(q 2 ) < d T (e 2 + w\e 2 wi) + min{<5 2 , t(p)}/10 100 , 

?2e 2 ~<5 2 /100 e 2 

and 

q 2 w\e 2 w\ ~5 2 /ioo wfawi- 

By Lemma l4~6l and the definition of 5 2 , there exists a projection e3 € (p+q' + q")J(p+q' + q") 
such that 

(and hence e% ~ g 2 ), and 
Hence, 
Hence, 

Note that since 



II e 3 - g 2 1| < <V50 
e 2 < e 3 . 
e3(K e 2^i) ~5 3 ^e 2 wi. 
(wi + g'Oes^i + g")* e 2 ~<5 3 e 2 . 
d < e 2 < e 3 , 
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(wi + q")e\{w\ + g")* < (w\ + q")ez(wi + q")* . 
Also, by our construction of e 2 , 

(w\ + g")ei(u;i + q")* < e 2 . 

Hence, 

(u>i + g")(e3 - ei)(wi + q")*(e 2 - (wi + q")e\{wi + g")*) ~5 3 (e2 - (wi + g")ei(wi + g")*)- 

Hence, by Lemma 14.61 and by the definition of 63, there exists a unitary w' 2 G (p + g' + q" — 
wie\w\)J{p + q' + q" — wie\w\) with 

IK -(? + </ + q" ~ wxeiw*)\\ < J4/100 

and 

e 2 - w\eiwl < w' 2 (wi + q")(es - ei)(w\ + q")*w 2 . 

Hence, if we take 

w =df (w' 2 + wieiwl)(w 1 + q") + q 1 " 
then u; G (p + g)J(p + q) is a unitary, 

||w - (u + g)|| < e, pi = ei < e 2 < e 3 < p, 

and we\w* < e 2 < u>e3U>* < p (e 4.138) 

as required. Finally, since gi ~ e 2 , by (je 4.137P and by applying Lemma |4"TT| we also have 

e 2 ^ p + q - e 2 . 

□ 

Lemma 4.10. Let p G J\(A<S> /C) 6e a projection and u G pJp 6e a unitary. Let 1/2 10 > r > 0. 
TTien /or every projection q G J \ ^4 <g> /C mf/i g 1 p, f/iere is a (norm-) continuous path of 
unitaries {u(t) : t G [0, 1]} m f7((p + q)J(p + g)) suc/i f/iai 

u(0) = u + g, u(l) = {(p + q- f 2 ) + m)((p + g - /1) + «i) 

where v\ G U{f\Jf\) } U\ G f7(/ 2 J/ 2 ), r{p + q- fj) > rr(p) for and fj G (p + g) J(p + g) \ ,4 ® /C 
zs a projection, j = 1,2. 

Proof. By Proposition 14.31 and Lemma l4~T| there is a projection p\ G pJp\p(A®1C)p such that 
r(pi) > rr(p) and 100r(pi) < t(p) (equivalently, /3 < r(pi) < r(p)/100 for some /3 < r(p)/2 10 .) 
Since g G J \ (.A ® /C) is a projection, we can decompose g into orthogonal projections 

q = q g" 

where g', g" G J \ (A <g> K). 

It follows from Lemma 14.91 that there exists a unitary wq G (p + q')J(p + g') with 

||wo - (u + flOH < e/10000 

(which implies that wo is path-connected to u + q' in (p + g')«^(p + g')) an d there are projections 
ei, e 2 , e 3 G (p + g')^(p + g') \{A®K) such that 

Pi = ei < e 2 < e 3 < p + g' < p + g 
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(where the inequalities are strict), and 

w eiWQ < e 2 < u> e 3 u)o < p + q' < p + q. 

Moreover, 

e 2 ^p + q — e 2 - (e 4.139) 

It follows that 

ei <p + q- ei. (e 4.140) 

Define w = wq + q" . Hence, we have that 

\\w- {u + q)\\ < e/10000, (e4.141) 

pi = ei < e 2 < e 3 < e 4 p + q, (e 4.142) 

uieiw* < e 2 < we^w* < p + q, (e 4.143) 

and there exists a positive c G (p + q)J(p + q) — (A® !C) such that 

c _L e 3 + wesw* . 

Prom the above and by Proposition 14. 2[ 



ei ~ weiui , e 2 — ei ~ e 2 — we\w , 

e 3 — e 2 ~ we^w* — e 2 and p + g — e 3 ~p + <7 — we^*. 

Recall that e 4 =^ p + q. Put eo =d/ 0. Hence, for j = 1,2, there is a unitary u) 2 j G (e 2 j — 
e 2 j- 2 )J(e 2 j - e 2 j_ 2 ) such that 

W2j(e 2 j-i - e 2 j-2)w2j = we 2 j-\w* - e 2j - 2 . 

Define 

z =df w 2 © IV4 and y =df z*w, 
two unitaries in (p + q)J(p + (/). Then u; = zy. Clearly, by definition, 

(e 2 n - e 2j - 2 )z = w 2j = z(e 2j - e 2j _ 2 ) and 
r(e 2 - e ) = r(e 2 ) > r(ei) > rr(p). 

Also, since 

zeiz* = we\w* , 
ei = z*u>eiu>*,z. 

In other words, 

ei = yeiy* or eiy = ye\. 

Hence, 

y = yi ® V3 

where y± G e± Je\ is a unitary and y 3 G (p + q — e±)J(p + q — e±) is a unitary. Moreover, 

r(e 2 ) > r(ei) = r(pi) > rr(p). (e 4.144) 
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By (je 4.139P and (|e 4.140p . there are partial isometries Zi, Z 2 G (p + q)J(p + (?) such that 

= a, ZiZ* =df e'i < p + q - a, i = 1, 2. 
Define a unitary Ui £ (p + q)J(p + (?) by 

U i = Z i + Z* + (p + q-e' i ), i = 1,2. 

We may write 

w = zy = (w2® U2W* 2 U^U 2 w 2 U^w 4 )( yi UwlU^UmU^). (e 4.145) 

Put /j = p + q — e{, i = 1, 2, So /, € (p + q)J(p + q)\A<g> JC are projections. 

m = U2W2U2W4 G (p + g - h)J{p + q- h) and «i = U\yxU{yz € (p + q- fi)J(p + q- fx). 
Then, by ()e4.145p and (je4.14ip . u + p is connected to 

(e 2 + iti)(ei + v\) 

via a norm continuous path in U(p + q)J(p + g)). Moreover, we compute that, by (je 4.144p . 

t(p + q - fi) = T (ei) > rr(p), i = 1,2. 

□ 

Lemma 4.11. Let p G J \ (A /C) 6e a projection and u G pjp be a unitary. Let 1 > r > 0. 
Then for every projection q G J \ A (g> /C wii/j g _L p, i/iere is an integer m > 1 and a f norm- ) 
continuous path of unitaries {u(t) : t G [0, 1]} in ?7((p + q)J(p + a)) suc/i f/iai 

n(0) = u + g, u(l) = ((p + g - /1) + ui)((p + g - / 2 ) + u 2 )...((p + g - f m ) + u m ) 

where uj G U (fjJfj), r(jp + q — fj) > rr(p), and fj(p + q)J(p + g) \ A ® /C is a projection, 
j = 1,2, ...,m. 

Proof. There is an integer n > 1 such that 1 — (1 — s) n > r, where s = (3/4)2~ 10 . By Lemma 
14. 1| Proposition 14.21 and Proposition 14. 3\ there are mutually orthogonal projections qi G (1 — 
p) J(l - p) \ A JC, I = 1, 2, n. Put g = gj. 

It suffices to prove the following statement: there are projections 

k k 

/i,/a,...,/ 2 * e(P + Z)??y(P + Z)«f)\^®^ (e 4.146) 

it 

unitaries Uj G U(fjJfj) such that r(/,) < r(^g 3 ) + (1 - s) k r(p), (e 4.147) 

j=l 

j = 1, 2, .., k, and u is connected to \~[^ = i({p + q — fj)+ u j) by a norm continuous path of unitaries 
in (p + g) J(p + g) for all 1 < k < n. 
We prove this by induction on k. 

The case k = 1 follows immediately from Lemma [4.101 with gi in place of g and s in place of 
r. Suppose that we have proven the statement for k. We now prove the statement for k + 1. 

Now for 1 < j < k, apply Lemma f4. 101 to uj (in place of u), fj (in place of p), s (in place of 
r) and q k+1 (in place of g) to get projections fjj G (fj + q k +i)J(fj + gfc+l) \ A <8> /C (Z = 1, 2) and 
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unitaries Ujj € fj,iJfj,i such that Uj is connected to + u J) i)(/_ 7j 2 + g/c+i) + %,2) by a norm 
continuous path of unitaries in (fj + g^+i) J(fj + qk+i) and 



+ %+i) - fj,l) > sr(fj). (e4.148) 



It follows that 



r(fj,i) < rC/jO + rGfe+O-arOi) (e 4.149) 

= r(g fc+ i) + (1 - sM/f) (e 4.150) 

fc+i 

< !>(<&) + (l-*) fc+ Mp)- ( e4151 ) 
3=1 

The statement above holds for k + 1 by renaming /j ; s and Uj ; s which completes the induction. 

□ 

Lemma 4.12. Let p, q, r, s 6 J \ A ® /C 6e projections such that 

q,r, s < p, q,r -L s and r(g) < r(s) < r(r). 

Suppose that u € gJg is a unitary. Then there is a continuous path of unitaries {u(t) : t € 
[0, 1]} C pJp such that 

u(0) = u + (p — q) and u(l) = v + (p — r), 
where where v E r Jr is a unitary. 

Proof. Since s 1 g and g ^ s, we may view u + (p — q) as u + (p — q) = diag(u, s,p — q — s) = 
diag(u,u*u,p — q — s) (with coordinates in (q,s,p — q — s)) which is norm path connected to 
diag(q, u,p — q — s), which has the form w + (p — s) for some unitary w 6 sJs. 

But since sir and s ■< r, w + (p — s) can be viewed as u; + (p — s) = diag(w, r,p — s — r) = 
diag(w,w*w,p — s — r) (with coordinates in (s,r,p — s — r)) which is norm path connected to 
diag(s, w,p — s — r), which has the form v + (p — r) for some unitary v £ r Jr. □ 

Lemma 4.13. Xei p£j\A®lCbea projection and let q € J \ A ® /C be another projection 
with p _L g and g ^ p. 

Let u € pJp 6e a unitary. Then there exists a continuous path of unitaries {u(t) : t € 
[0, 1]} C U((p + g) J(p + g)) such that 

u(0) = u + q and u(l) = p + u, (e 4.152) 

where v £ U(qJq). 

Proof. The result of the lemma follows immediately from Lemma 14.111 and Lemma 14.121 

By Proposition ^. 31 Proposition ^. 2l and Lemma [4.1| we can decompose g into pairwise orthogonal 

projections 

q = q' ® q" © q'" 

where g', g", g'" e J\(A®IC) and r(g') < r(g") < r(g w ), which implies that q' ^ g" ^ g w . 

By applying Lemma 14.111 and by passing to a unitary which connects with u + q' by a 
continuous path of unitaries in £/((p + q)J(p + g)), without loss of generality, we may write 

m 

u + q' = Y[((p + q' -f^+Uj) (e 4.153) 

3=1 
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such that Ui G U (fjJfj), where fj<p + q' and fj ^ q", j = 1, 2, m. Note that 

fj, q", q" <P + q, fj -1 <?", /j 1 q'" , q'" -1 g" and £ ^ g" ^ g"', j = 1, 2, .., m. 

Thus, by Lemma f4. 12|, for each j, there is a continuous path of unitaries {vjj(t) : t G [0, 1]} C 
(p + q)J(p + 9) such that 

u>j(0) = (p + g' + q" + q" - fj) + Uj and ^(1) = vj + (p + q' + g"), (e 4.154) 

where G U{q"'Jq"'), j = 1,2,..., m. Define 

m 

u (t) = JJwjft) for all f G [0, 1]. 

Then {u(t) : i G [0, 1]} is a continuous path of unitaries in (p + q)J(p + q). Moreover, 

u(0) = u + q and u(l) = u + p, 
where v = \\^ =1 {vj + q' + q") G U(qJq). 

□ 

5 The main results 

Lemma 5.1. Let A be a unital C* -algebra and B = A®K. Then M(B) contains a sequence of 
mutually orthogonal projections {p n } each of which is equivalent to the identity 1m(b)> Pn £ B, 
n = 1,2, and Y^=\Pn converges strictly to 1m(b)- 

Proof. This is known. One can have a partition of N into a sequence {I n } of mutually disjoint 
infinite subsets such that l G I n and I n Pi {1, 2, n — 1} = 0. Let {eij} be a system of matrix 
unit for /C. We identify en with 1a ® e^. Define 

= e jj- 

The convergence is in the strict topology. Let e n = Y27=l eii - Then {e n } forms an approximate 
identity for B. Note that, by the construction, 

p m e„ = for all m > n. 
It follows that YHt=\Pk converges strictly to 1m{b)- d 
The following holds in much general situation. 

Lemma 5.2. Let A be a unital separable simple Z-stable C*-algebra with unique tracial state 
t, and let B = A® KL. Let J be the smallest ideal of M(B) which properly contains B. 

Then, for any sequence of positive numbers {a n } with a n > a n+ \ and Yl™=i a n < °°; 
there exists a sequence of mutually orthogonal projections {q n } G M{B) such that q n +\ < qn, 
r (<?n) = ctn, n = 1, 2, such that Yl^Li Qri converges in the strict topology andp = Yln°=i Qn G J. 

Proof. Let {p n } be as in 15.11 

By Proposition 14.31 and since p n ~ 1m(-B)> ^ Qn G J be such that q n < p n and r(g n ) = a n 
for all n > 1. Then ^ n g n converges strictly to an element of J. □ 
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Corollary 5.3. Let A be a unital separable simple Z-stable C*-algebra with unique tracial state 
t, let B = A <S> /C, let J be the smallest ideal of M(B) which properly contains B, and let 
p G M(B) be a projection such that r(p) = oo. Then, for any sequence of positive numbers {a n } 
with a n > a n+ i and Y^Li a n < oo, there exists a sequence of mutually orthogonal projections 
{q n } G M(B) such that q n +i % q n , t(Qti) = OL m n = 1,2, such that 5Z^Li Qn converges in the 
strict topology to a projection q £ J such that q < p. 

Lemma 5.4. Let B be a non-unital and a -unital simple C* -algebra, J C M(B) be an ideal 
containing B such that J/B is purely infinite and simple and let p 6 J be a non-zero projection. 
Suppose that u G pM(B)p is a unitary such that [u] = in K±{pM(B)p). Then, for any e > 0, 
there are two selfadjoint elements H\,H2,£ pM(B)p and a unitary w G p + pBp such that 
5; 7T) 11-^2 1| < e and 

u = w exp(iHi) exp(iH2). (e 5.155) 

In particular, w*u € Uo(pM(B)p). 

Proof. Note that pM(B)p/pBp is purely infinite and simple. Let tt : pM(B)p — > pM{B)p/pBp 
be the quotient map. Suppose that u is as in the lemma. Then n(u) G Uo(pJp/pBp). Note that 
pJp/pBp is a unital purely infinite simple C*-algebra. It follows from a result of Chris Phillips 
(|41j) that, for any e > 0, there are selfadjoint elements hi,h,2 G pM(B)p/pBp such that 

7r(w) = exp(ihi) exp(i/i2) and \\hx\\ < 7r and \\h2W < £• (e 5.156) 

There are selfadjoint elements Hi, H2 G pM{B)p such that ||-ffi|| < vr, \\H2W < e and Tr(Hj) = hj, 
j = 1, 2. Let Uj = exp(iHj), j = 1, 2. Then 

w = UU2U1 G p + (e 5.157) 

It follows that u = w exp(iH\) exp(i^2) and u;*tt G Uo(pM(B)p). □ 

Lemma 5.5. Xei A G Aq be a unital separable simple Z-stable C* -algebra with unique tracial 
state t, let B = A® K, and let J C M(B) be an ideal containing B such that J/B is purely 
infinite and simple. Suppose that p G J and u G pM(B)p \ B be a unitary. Then, for any 
projection q G J\B and pq = = qp, any e > 0, there is a unitary v G qM(B)q and selfadjoint 
elements hi,h,2 G (p + q)M(B)(p + g) and /13 G C(p + q) + (p + q)B(p + q) such that 

\\hi\\<e/2, \\h 2 \\<TT, ||/i 3 ||<2vr, (e5.158) 
\\(u + v) — (p + q) exp(i/ii) exp(i/i2) ex.p(ihs)\\ < e and (e5.159) 
(u + v) — (p + q) exp(i/ii) exp(i/i2) exp(ih^) G (p + q)B(p + q). (e 5.160) 

Proof. There is a projection q\ G J \ B such that qi < q and there is a unitary z G (p + 
q)M(B)(p + g) such that 

z*qiz < p. 

It follows from Lemma |4. 131 that there is a unitary v± G q\Jq\ such that 

« + «i + (g-gi) G ?7o((p + g)^(p + Q))- (e 5.161) 

Put P = p + g. It follows from [53] that there are selfadjoint elements hi,h,2 G PJP with 
\\h\\\ < e/2 and ||/i2|| < tt such that 

u + vi + (g — gi) = exp(i/ii) exp(i/i 2 )w, 
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where w G P + PBP. Since B is simple and has stable rank one, there exists wi € q + qBq such 
that [wi] = -[w]. Thus w(w 1 +p) G U (P + PBP). Let 

m 

w(wi + p) = exp(ia k ), 

k=l 

where a k G (CP + PBP) s a _. Let 7r(afc) = a k , A; = 1,2, ...,m. Since + p) G P + PBP, 

J2T=i a k = 2iW for some integer N. By replacing a k by a^ — a^P, we may assume that 7r(afc) = 0, 
k = 1, 2, m. In other words, € PBP, k = 1,2, ...,m. Choose 6 G (qBq) SM , such that 

m 

r(6)=X>(a fc ). (e 5.162) 

fe=l 

Set 

^2 = <7exp(— (e 5.163) 
Now let v = + (q — q\))w\V2 Then 

u + v = exp(ihi) exp(ih2)w(wi + p)(v2 + p). 

Note that 

m 

w(u>i +p)(v2 +p) = P Y\_ ex P( ia fc) exp(-ib). 

fc=i 

But 

m 

r(-b) + Y,r(a k ) = 0. 

k=l 

It follows that 

w(wi + p)(v 2 + p) G CU(CP + PBP). 
By l3~T2| there is h 3 G PBP s . a . with ||/t 3 || < 2vr such that 

+p)(v 2 +p) - Pexp(i/i 3 )|j < e. 

It follows that 

||(tt + u) — Pexp(i/ii) exp(i/i2) exp(i/i3)|| < e. 

□ 

Lemma 5.6. Let A be a unital separable simple Z-stable C*-algebra with unique tracial state r 
and let J be the smallest ideal in M(A® JC) that properly contains A®JC. 
Then J has an approximate identity consisting of projections. 

Proof. This follows immediately from Proposition 14.31 and Lemma 14.11 □ 

Theorem 5.7. Let A G Aq be a unital separable simple Z-stable C*-algebra with unique tracial 
state t and let J be the smallest ideal in M{A ® JC) that properly contains A £g> JC. 
Then K\(J) = 0. In fact, for any u G J, 

cel(tt) < 7ir. 
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Proof. Let u G M n (J). Let II : M n (J) — > M n be the quotient map. Let z G M ra such that 
H(u) = z. Identify z with the scalar matrix in M n (J) and put v = uz* . Then v G M n (J). 
Moreover, 11(f) = 1. Since M n {J) = J, without loss of generality, we may assume that u G 1 + J 
but we need to show that cel(u) < 6ir. 

Let e > 0. Since J has an approximate identity consisting of projections, without loss of 
generality, we may assume that there is a projection P G J such that 

u=(l-P) + u , 

where uq G PJP is a unitary. 

By reconsidering an approximate identity of J consisting of projections, one find a non-zero 
projection eo in (1 — P)J(1 — P). Then, by applying 15.21 one obtains a sequence of mutually 
orthogonal nonzero projections {q n } such that Yln°=l Qn converges in the strict topology and 
X^^Li Qn G (1— P)J(1— P). Bv l5.5| putting P = po, there are a sequence of unitaries, v n G q n JQn 
and sequences of selfadjoint elements {/i| n_1 } C ((/2n-i + Q2n)J(Q2n-i + Q2n) and {h^ n ^} C 

(<?2n + <?2n+l)</(<?2n + <?2n+l) Such that 

K n) ll < f» Il4 n) ll < (e 5.164) 

||(uan-i + uan) - exp(i/4 n) )exp(i/4 n) )ll < e / 2 ™ and (e 5.165) 

\\(v 2n + V2n+i)-eMihi n )exp(ihf n) )\\ < e/2 n , (e 5.166) 

n = 0, 1,2, .... Since converges in the strict topology and by (je 5.164p . so do Y^=o v n-, 

E~=i v n, E^°=o h< i \ J2n=i h i > E^°=o 4 n) and En=i 4 n) - Define 

oo oo 

= ^ u n , C/i = v„ (e 5.167) 

n=0 n=l 

oo oo 

^o,i = E /l i n) '^ = E /l 2 n) (e 5.168) 

n=0 n=0 

oo oo 

H hl = £ ^i n) and Hi t2 = ^ 4" } - (e 5.169) 

n=l n=l 

Then 

?7o = Uo + C/i ! (e 5.170) 

\\U X - exp(^ l! i)exp(iiT lj2 )|| < e (e 5.171) 

\\U Q -exp(^ ,i)exp(iiIo2)|| < e (e 5.172) 

||i?o,i|| < 7T and ||#o,2|| < 2vr. (e 5.173) 

It follows from (le 5.1711) that [U x ] = in A"i(J). Then, by (|e5.172p that [u Q ] = in i^i(J). It 
follows that [u] = in K\(J). Since u is arbitrarily chosen, we conclude that 

Kt(J) = 0. 

Moreover, by (|e 5. 171|) . (|e 5.172p and (|e5.173p . one computes that 

cel(u) < 3tt + 3-7T = 67T. 

So in general, 

eel (it) < 7ir. 

□ 
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Theorem 5.8. Let A € Aq be a unital separable simple Z-stable C*-algebra with unique tracial 
state. Then M(A (g) 1C)/(A ® JC) has real rank zero. 

Proof. Let B =dj A® K, and let 7r : M(B) — > M(B)/B be the natural quotient map. Let J be 
the smallest ideal in M(B) which properly contains B. Consider the six-term exact sequence: 

(e 5.174) 

K (J) K (M(B)) -> K (M(B)/J) 

t I 

K 1 {M{B)/J) <- Ki(M(B)) <- K X {J) 

From Theorem 15.71 K\{J) = 0. The above six-term exact sequence implies that the map 
K (M(B)) -> K Q (M{B)/J) is surjective. But it is also known that K (M(B)) = ([4J 
Proposition 12.2.1; see [38]) Hence, K (M(B)/J) = 0. Since M(B)/J ^ n(M(B))/n(J), 
K (tt(M(B))/7t(J)) = 0. Therefore the map K (tt(M(B))) -»• K (it(M(B)) /it(J)) is surjec- 
tive. 

Since both vr(J) and tt(M(B))/tt(J) are simple purely infinite (this is well-known; an explicit 
reference can be found in |19j ; it also follows immediately from [27] Theorem 3.5 and the defini- 
tion of J in [21] 2.2, Remark 2.9 and Lemma 2.1; see also [47] Theorem 2.2 and its proof), both 
7r(J) and ir(M(B))/ir(J) have real rank zero. It follows from [6] Theorem 3.14 and Proposition 
3.15 that tt{M(B)) has real rank zero. □ 

Theorem 5.9. M{Z ® JC)/(Z (g> JC) has real rank zero. 

Remark 5.10. We note that Theorem [5T8] includes many other C*-algebras (see [34])- including 
crossed products coming from uniquely ergodic minimal homeomorphisms on a compact metric 
space with finite topological dimension (e.g., see [36], [8].) 

Finally, we end the paper with some K-theory computations that follow immediately from 
our work. 

Corollary 5.11. Let 7r : M(Z®tC) — > M(Z ®K,) / {Z ®K) = Q(Z) be the natural quotient map. 
Let J be the unique smallest ideal of M(Z ® 1C) which properly contains Z ® fC. 

Then we have the following: K (J) = R, Kt(J) = 0, K (n(J)) = R/Z ^ T, Kx{tt{J)) = 0, 
K (Q{Z)/ir(J)) = and K 1 (Q{Z)/tt{J)) = R. 

Proof. Let B = df Z ® K. 

That Kq(J) = R follows immediately from Proposition 14.21 and Proposition 14.31 

That K\(J) = follows immediately from Theorem 15.71 

That Kq(Q(Z)/tt(J)) = was computed in the proof of Theorem 15.81 

Hence, the six-term exact sequence (|e 5.174H from Theorem 15.81 thus becomes the following 
six-term exact sequence: 

R ^0^0 

t 4- 

K X (M{B)/J) ^0^0 

Hence, K 1 (Q(Z)/n{J)) = Ki{M(B)/J) = R. 
Next, the exact sequence 

-> B -+ J -> J jB ->■ 
results in the six term exact sequence 
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K (B) -> K (J) -> K (•//#) 

t 4 

#i(J/fl) <- ifi(J) <- fTi(fl) 
which, by the above results, becomes 

Z -> M -»■ K (J/B) 

t 4 

Kx{J/B) <- <- 
Since the map Z — >• R is the natural inclusion, Ki(tt(J)) = and -K"o (^C^) ) = M/Z = T. □ 
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